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Abstract 

We generalize the worldline formalism to include spin 1/2 fields coupled to gravity. To 
this purpose we hrst extend dimensional regularization to supersymmetric nonlinear sigma 
models in one dimension. We consider a hnite propagation time and hnd that dimensional 
regularization is a manifestly supersymmetric regularization scheme, since the classically 
supersymmetric action does not need any counterterm to preserve worldline supersymmetry. 
We apply this regularization scheme to the worldline description of Dirac fermions coupled 
to gravity. We hrst compute the trace anomaly of a Dirac fermion in 4 dimensions, providing 
an additional check on the regularization with hnite propagation time. Then we come to 
the main topic and consider the one-loop ehective action for a Dirac held in a gravitational 
background. We describe how to represent this ehective action as a worldline path integral 
and compute explicitly the one- and two-point correlation functions, i.e. the spin 1/2 particle 
contribution to the graviton tadpole and graviton self-energy. These results are presented 
for the general case of a massive fermion. It is interesting to note that in the worldline 
formalism the coupling to gravity can be described entirely in terms of the metric, avoiding 
the introduction of a vielbein. Consequently, the fermion-graviton vertices are always linear 
in the graviton, just like the standard coupling of fermions to gauge helds. 
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1 Introduction 


One dimensional supersymmetric nonlinear sigma models are useful to describe in first quan¬ 
tization the propagation of fermionic particles in a curved background. In fact, it is well- 
known that Af = 1 supersymmetric sigma models describe the worldline dynamics of a 
spinning particle Mastering the path integral quantization of such models provides a 
useful tool for treating spin 1/2 particles coupled to gravity. The purpose of this paper is 
twofold. We hrst extend dimensional regularization to supersymmetric sigma models with 
hnite propagation (proper) time. Then, with this regularization scheme at hand, we gener¬ 
alize the worldline formalism to include spin 1/2 helds coupled to gravity. This extends the 
scalar particle case treated in j2] . The resulting Feynman rules are simpler than the standard 
ones obtained from the second quantized action. In particular, the fermion-graviton vertices 
can always be taken linear in the graviton held, a fact which seems to point once more to 
unexpected perturbative relations between gravity and gauge theories, as reviewed in [Hj. 

Path integrals for supersymmetric sigma models in one dimensions were originally used 
for deriving formulas for index theorems and chiral anomalies m 0 E]- However, for ob¬ 
taining those results the details of how to properly dehne and regulate the path integrals 
at higher loops were not necessary. Due to the worldline supersymmetry the chiral anoma¬ 
lies are seen as a topological quantity, the Witten index [7j, which is independent of /3, the 
propagation time in the sigma model. Thus a semiclassical approximation (which consists in 
calculating a few determinants) already gives the complete results. The quantum mechanical 
calculation of chiral anomalies can be extended to trace anomalies 00. However, in the 
latter case the details of how to dehne the path integral is essential since one-loop (in tar¬ 
get space) trace anomalies correspond to higher-loop calculations on the worldline, namely 
the one-loop trace anomaly in D dimensions is given by a ^ 1 loop calculation on the 

worldline. Several regularization schemes have been developed for this purpose: mode reg¬ 
ularization (MR) 001101, slicing (TS) [TTl IT^ . and dimensional regularization (DR) 
[ini in. The DR regularization was developed after the results of ini which dealt with 
nonlinear sigma model in the inhnite propagation time limit The hrst objective of this 
paper is to extend dimensional regularization to include fermionic helds on the worldline and 
treat supersymmetric nonlinear sigma models. Worldline fermions coupled to gravity give 
rise to new (superhcially) divergent Feynman diagrams, other than those associated to the 
coupling of gravity with the bosonic coordinates. Hence, one may a priori expect additional 
counterterms to arise. In fact, in time slicing, the inclusion of the fermionic helds brings in 

Recently, Kleinert and Chervyakov EE! have also analyzed nonlinear sigma models for finite propagation 
time, discussing how DR defines products of distributions, and finding results for the Feynman rules which 
agree with those obtained in ISl 
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additional non-covariant counterterms of order /3^: they are proportional to if one 

uses fermions with curved target space indices, or g^'^uj^‘^^ujuab if one uses fermions with flat 
space indices jT2I. Note that such counterterms only arise at two loops, and thus they do not 
affect the calculation of the chiral anomalies, but should be included if one wants to check 
with TS that there are no higher order corrections in (3 na. We are going to show that in 
dimensional regularization no extra counterterms arise. This implies that dimensional regu¬ 
larization manifestly preserves supersymmetry. In fact the bosonic part produces a coupling 
to the scalar curvature with the precise coefficient required by supersymmetry. We describe 
how to use both flat target space indices and curved ones, for the fermionic fields. Using 
curved indices will bring in a new set of bosonic “ghost” fields, in the same fashion of 

Having at hand a simple and reliable regularization scheme for supersymmetric sigma 
models, we turn to the worldline formalism. As a warm up, we first compute the trace 
anomaly for a Dirac fermion in 4 dimensions. We obtain the expected result, providing 
a further test on our application of the DR scheme. Then we come to the core of our 
paper: the generalization of the worldline formalism to include spin 1/2 particles coupled to 
gravity. Many simplifications are known to occur in the worldline path integral formulation 
of quantum field theory, which for this very reason provides an efficient and alternative 
method for computing Feynman diagrams. This method has quite a long history, rooted in 
PI- Later it was developed further by viewing it as the particle limit of string theory PI. 
and then discussed directly as the first quantization of point particles pni 121] (see [22| for a 
review and a list of references). The inclusion of background gravity was presented in |2j for 
the case of a scalar particle. Results obtained using string inspired rules with gravity were 
presented in jSSlEHEj. 

Here we consider the case of the one-loop effective action for a Dirac fermion in a gravita¬ 
tional background. We describe how to represent it as a worldline path integral. We compute 
explicitly the one- and two-point correlation functions, i.e. the spin 1/2 particle contribution 
to the graviton tadpole and graviton self-energy. These results are presented for the general 
case of a massive fermion. In our calculations we use the DR scheme constructed in the pre¬ 
vious sections. The other known scheme explicitly developed to include worldline fermions 
(time slicing ^2|) can be used as well, but lack of manifest covariance makes its use more 
complicated. It is interesting to note that in the worldline formalism the coupling to gravity 
can be described entirely in terms of the metric, avoiding the introduction of a vielbein. The 
fermion-graviton vertices are always linear in the metric field, just like the standard coupling 
of fermions to gauge fields are linear in the gauge potential. This fact seems to point once 
more to the unexpected perturbative relations between gravity and gauge theories encoded 
in the so-called KLT relations 1221, as reviewed in 0. 
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The paper is organized as follows. In section 2 we introduce dimensional regularization 
applied to the worldline Majorana fermions and to supersymmetric sigma models. We mainly 
consider antiperiodic boundary conditions (which break supersymmetry), but also briefly 
discuss periodic boundary conditions. In section 3 we apply DR to compute the trace 
anomaly of a Dirac field in 4 dimension with quantum mechanics. Then in section 4 we 
describe the worldline formalism with Dirac fields coupled to gravity and compute explicitly 
the spin 1/2 particle contribution to the graviton tadpole and graviton self-energy. This is 
the main section, and the reader uninterested in the details of the DR regularization scheme 
may jump directly to it. Section 5 contains our conclusions. Conventions and useful formulas 
are collected in the appendix. We work with an euclidean time both on the worldline and 
in target space. The latter is assumed to have even dimensions D. 


2 Dimensional regularization with fermions 


In this section we describe the dimensional regularization of fermionic path integrals ob¬ 
tained by extending the method presented in ^2] for bosonic models. We shall discuss 
explicitly path integrals for Majorana fermions on a circle with antiperiodic boundary con¬ 
ditions (ABC), as these are the only boundary conditions that will be directly needed in the 
applications to trace anomalies and effective action calculations. Our strategy will be as fol¬ 
lows: we first set up the rules of dimensional regularization for fermions following na. then 
we require that a two-loop computation with DR reproduces known results, and precisely 
those obtained by a path integral with time slicing ^2] (or equivalently by heat kernel meth¬ 
ods |2ni)- This requirement plays the role of a standard (in QFT) renormalization condition, 
and fixes once for all the DR two-loop counterterm due to fermions. Since counterterms 
are due to ultraviolet effects, the infrared vacuum structure and the related boundary con¬ 
ditions on the fields should not matter in their evaluation. Therefore one expects that the 
same counterterm should apply to fermionic path integral with periodic boundary conditions 
(PBC) as well. No higher-loop contributions to the counterterm are expected as the model 
is super-renormalizable, just as in the purely bosonic case. 

Let us consider the path integral quantization of the M = 1 supersymmetric model 
written in terms of Majorana fermions with flat target space indices 


Z = 

s = 
+ 


DxDaDbDcD%l) e 


-s 


— dr 

P Jo 




(3\V{x) + Vct{x) 4- R'^(a;)) 


( 1 ) 

( 2 ) 
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where as usual we have scaled the propagation time (3 out of the action. The propagation time 
(3 will be considered as the expansion parameter for a perturbative evaluation (i.e. the loop 
counting parameter). In the action we have included: i) the bosonic and fermionic 
ghost helds which exponentiate the nontrivial path integral measure, ii) the counterterm 
VcT which arises in the chosen regularization scheme from the bosonic sector and which 
is hxed in order to produce a quantum hamiltonian without nonminimal coupling to the 
scalar curvature i?, Hi) the additional counterterm V^rp which may arise from the fermionic 
sector, and iv) the potential V = which is required to have a supersymmetric quantum 
hamiltonian as given by the square of the supersymmetry charge. 

The action is classically supersymmetric if all the potential terms multiplied by f3‘^ are set 
to zero (the ghosts can be trivially eliminated by using their algebraic equations of motion). 
Supersymmetry may be broken by boundary conditions, e.g. periodic for the bosons and 
antiperiodic for the fermions. Here we assume antiperiodic boundary conditions (ABC) 
for the Majorana fermions ■^“(1) = —'^“(0). Majorana fermions realize the Dirac gamma 
matrices in a path integral context, and ABC compute the trace over the Dirac matrices. For 
simplicity we consider a target space with even dimensions D, and thus the curved indices 
/i, z/,... and the flat space indices a, b, ... both run from 1 to D. 

One may explicitly compute by time slicing the transition amplitude for going from the 
background point xo at time t = 0 back to the same point xq at a later time t = (3 using 
ABC for the Majorana fermions. In the two-loop approximation this calculation gives 

Z = tr (xo|e-^^|xo) = d (l - (3) 

(zvrp) 2 V /n / 

where the trace on the left-hand side is only over the Dirac matrices, and where 

zy =-iyy =(4) 

is the supersymmetric Hamiltonian of the M = 1 model (one can normalize the supersym¬ 
metric charge as Q = ) so that H = Q'^). Note that there is an explicit coupling to 

the scalar curvature in 0, thus one needs to use a potential V = in the action together 
with the time slicing counterterms Vrs = ~^R + Vfg = (see 

jl2j : later on we will derive once more this value of as well). Our conventions for the 
curvature tensors can be found in section A.l of the appendix. 

Now we want to reproduce eq. 0 in dimensional regularization with a path integral over 
Majorana fermions. This will unambiguously £x the additional counterterm due to the 
fermions. Note that in dimensional regularization the potential V = cancels exactly with 
the counterterm Vdr = —^R coming from the bosons ini. 
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We focus directly on the regularization of the Feynman graphs arising in perturbation 
theory. To recognize how to dimensionally continue the various Feynman graphs we extend 
the action in o from 1 to d + 1 dimensions as follows 


S=- d'^+4 

P Jn 




(5) 


where f2 = / x is the region of integration containing the hnite interval I = [0, 1], 7 " 
are the gamma matrices in d + 1 dimensions satisfying {7", 7^} = and r = (r,t) 

with a = 0 , 1 ,..., d and with a bold face indicating vectors in the extra d dimensions. 
Here we assume that we can hrst continue to those Euclidean integer dimensions where 
Majorana fermions can be dehned. The Majorana conjugate is dehned by 'da = 'd'^C± 
with a suitable charge conjugation matrix C± such that This can be 

achieved for example in 2 dimensions It realizes the basic requirement for the Majorana 
fermions of the A/" = 1 supersymmetric model which must have a non-vanishing coupling 

The actual details of how to represent C± and the gamma matrices 
in d -|-1 dimensions are not important, as the most important thing for the rules which dehne 
the DR scheme for fermions is to keep track how derivatives are going to be contracted in 
higher dimensions. Apart from the above requirements, no additional Dirac algebra on the 
gamma matrices 7 “ in d -|- 1 dimensions is needed. With these rules one can recognize from 
the action © the propagators and vertices in d -|- 1 dimensions, and thus rewrite those 
Feynman diagrams which are ambiguous in one dimension directly in d -|- 1 dimensions. 

The bosonic and ghost propagators are as usual and reported in section A .2 of the 
appendix. The fermionic helds with ABC on the worldline, ■^“(1) = —'0“(O), can be expanded 
in half-integer modes 

^“(r)= Ce'""" (6) 

rez+i 

and have the following unregulated propagator 

{r(T)i,\a))^l3S‘^AAF{T-<r) , AAF(T-a)= Yl 


Note that the Fourier sum dehning the function Aaf for the antiperiodic fermions is 
conditionally convergent for r a, and yields 

Aaf{t -(t) = ^e(r - a) (8) 

®In Euclidean 2 dimensions one can choose 7 ^ = cr^, 7 ^ = and C+ = 1. Recall that C± are defined by 
C±7'"C'±^ =± 7 '^'^. 
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where e(x) = 9{x) — 9(—x) is the sign function (with the value e(0) = 0, obtained by 
symmetrically summing the Fourier series). The function Aaf satishes 

d^AAFir - 0 -) = 6a{t - a) (9) 


where 6a{t 


a) is the Dirac’s delta on functions with antiperiodic boundary conditions 


S^(T-a)= . (10) 

rez+i 

The dimensionally regulated propagator obtained by adding a number d of extra inhnite 
coordinates is derived from © and reads 


{rm\s)) = i35^^AAFit,s) 


( 11 ) 


where the function 

AAF(t, S) 


+ 2nir(r-a) 

( 2 f )'^ ^ (27rr)2 + 

rez+i 


( 12 ) 


satishes 

s) = -^Aaf(^, s) 7 ^ = dA{T - a)(5'^(t - s) = - s) . (13) 

The latter are the basic relations which will be used in the application of DR to fermions. 
They keep track of which derivative can be contracted to which vertex to produce the d+1 
delta function. This delta function is only to be used in d + 1 dimensions, as we assume 
that only in such a situation the regularization due to the extra dimensions is taking place 
By using partial integration one casts the various loop integrals in a form which can be 
computed by sending hrst d — 0 . At this stage one can use 7 ° = 1 , and no extra factors 
arise from the Dirac algebra in d + 1 dimensions. This procedure will be exemplihed in the 
subsequent calculations. Having specihed how to compute the ambiguous Feynman graphs 
by continuation to d + 1 dimensions the DR scheme is now complete. 

Now we are ready to perform the two-loop calculation in the M = 1 nonlinear sigma 
model using DR. The bosonic vertices together with the ghosts, V and Vdr give the standard 
contribution, as for example in j2]. The overall normalization of the fermionic path integral 
gives the extra factor 2^ which equals the number of components of a Dirac fermion in a 
target space of even dimensions D. This already produces the full expected result in ©• 

®We are not able to show this in full generality, and at this stage this rule is taken as an assumption. 
One way to prove it explicitly would be to compute all integrals arising in perturbation theory at arbitrary 
d and check the location of the poles. 
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Thus the sum of the additional fermion graphs arising from the cubic vertex contained in 
AS” = Jq dr ^ x^ujfj,ab'4’°"4’^ and the contribution from the extra counterterm must vanish 
at two loops. The cubic vertex arise by evaluating the spin connection at the background 
point xq and reads ASa = Jq dr , where denotes the quantum fluctuations 

around the background point Xq with vanishing boundary conditions at r = 0,1. Using 
Wick contractions (see appendix A.2 for the explicit form of the bosonic propagators with 
vanishing Dirichlet boundary conditions) we identify the following nontrivial contribution to 
(other graphs vanish trivially) 

i((ASs)=> = •A-(T,(r)[A.4f(r,a)|2 (14) 


where dotted lines represent fermions. As usual, we denote with a left/right dot the derivative 
with respect to the first/second variable. Using DR this contribution is regulated by 


f dr [da {r, a)[AAF{T, a)f 

'o Jo 


,Ay{t, s) tr [y^AAF{t, 5 ) 7 ^A AF(s,f)] (15) 


where s) = ^^A(t, s) (note the minus sign obtained in exchanging t and s in the 

last propagator; it is the usual minus sign arising for fermionic loops). We can partially 
integrate da without picking boundary terms and obtain 


2 yy A/ 3 (t, s) tr [{■j°'daAAF {t,s))j^AAF{s,t)] 
= 2yy Ap{t,s) tr [6'^^{t,s)'yJAAF{s,t)] 

= 2 j Ap{t,t) tT['y^AAF{t,t)] 

—>• 2 [ dr A*{t,t)Aaf{,0) = 0 

Jo 


( 16 ) 


because A^i?(0) = |e(0) = 0 (and 7 ° = 1 at d = 0). As this example shows, the Dirac 
gamma matrices in d + 1 dimensions are just a book-keeping device to keep track where one 
can use the Green equation m- Actually, the vanishing of this graph is achieved already 
before removing the regularization d —> 0 by using symmetric integration in the momentum 
space representation of A^ir(f,f). 

Thus no contributions arise from the fermions at order (3'^, and this fixes 


VhR = 0. 


(17) 


This is exactly what one expects to preserve supersymmetry, as the counterterm Vdr is 
exactly canceled by the extra potential term V = needed to have the correct coupling to 




the scalar curvature in the Hamiltonian Thus dimensional regularization without any 
counterterm preserves the supersymmetry of the classical A/” = 1 action 




P 


dr 




(18) 


since the amount of the curvature coupling brought in by DR is of the exact amount to 
render the quantum Hamiltonian H supersymmetric. 

To compare with TS, we can compute again the Feynman graph (HI, but now using 
the TS rules. According to |T2] we must use that •A*(r, a) = 1 — 6{T,a), and integrate the 
delta function even if it acts on discontinuous functions. The delta function is ineffective as 
e(0) = 0, but the rest gives 


^{(AS,f}{TS) = JPjP I = . (19) 

This is canceled by using an extra counterterm which at this order con¬ 
tributes with a term evaluated at the background point xq. Thus, as expected, we 

recover the counterterm found in [T^ . 

To summarize, we have proven that DR extended to fermions does not require additional 
counterterms on top of those described in ini. In addition, supersymmetry requires that no 
counterterms should be added at all to the classical sigma model action. 


2.1 Periodic boundary conditions 

We present here some comments on the case of Majorana fermions with PBC. The mode 
expansion of has now only integer modes 

• ( 20 ) 

n^Z 

The zero modes V’o of kinetic operator (dr) are treated separately, and the unregu¬ 

lated propagator in the sector of periodic functions orthogonal to the zero mode reads 

(V>'“(r)V’''(a)) = /3h“'Ap^(r - a) , App(r - cr) = (21) 

where — 'ipQ- The function App satishes 

5T-App(r — a) = 6 p{t — a) — 1 (22) 

with 6p{t — a) the Dirac’s delta on periodic functions. Its continuum limit can be obtained 
by summing up the Fourier series and reads (for (r — cr) G [—1,1]) 

App(r - cr) = ^e(r - a) - (r - a) . (23) 
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The dimensionally regulated propagator is instead 


= l3S-^App(t,s) 


(24) 


where the function 

Appit, s) 



27rn7° + k ■ 7 2™(r-a) *k.(t-s) 
(27rn)2 + k2 


(25) 


satisfies 

I'^^Appit, s) = -^Appit, s) 7 ^ = {5p{t -a)- l)(5'^(t - s) . (26) 

Even if one uses PBC, one does not expect additional counterterms in DR, as mentioned 
earlier. It could be interesting to check in DR the expected /3-independence of the supertrace 
which computes the Witten index i.e. the chiral anomaly. This is given by the path integral 
with periodic boundary conditions for both bosons and fermions m m IE]- The treatment 
of the bosonic zero modes is known to be somewhat delicate as a total derivative term may 
appear at higher loops (21I2Z1. However it should be possible to do a manifestly supersym¬ 
metric computation using superfields, and one could thus check if these total derivative terms 
survive in the supersymmetric case and, in case they do, study their meaning 


2.2 Curved indices 


It is interesting to consider as well the case of fermions with curved target space indices. 
This should be equivalent to the case of fermions with flat target space indices: it is just 
a change of integration variables in the path integral. However it is an useful exercise to 
work out, as some formulas will become simpler. The classical M = 1 supersymmetric sigma 
model is now written as 




1 




(27) 


The fermionic term could also be written more compactly using the covariant derivative 
+ x^V\p[x)'iljP. Note that the action is now expressed in terms of the metric 
and Christoffel connection only, and there is no need of introducing the vielbein and spin 
connection. 

The treatment of the bosonic part goes on unchanged. For the fermionic part we can 
derive the correct path integral measure by taking into account the Jacobian for the change 
of variables from the free measure with flat indices 


Dr = D{e%{x)r) = Det-\e\{x))Dr = J] 


^0<r<l 


V^det 


Dr 


(28) 


^In a very recent paper, Kleinert and Chervyakov m have discussed how to avoid these total derivative 
terms which appear using naively the bosonic string inspired propagators. 
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Note the inverse functional determinant appearing because of the Grassmann nature of the 
integration variables. This extra factor arising in the measure can be exponentiated using 
bosonic ghosts a^(r) with the same boundary condition of the fermions (ABC or PBC) and 
it leads to the following extra term in the ghost action 

S‘X'‘ = ^fir\g^{x)aV. (29) 

One can check that the counterterms of dimensional regularization are left unchanged. The 
full quantum action for the Af = 1 supersymmetric sigma model now reads 






1 

2' 


+ + x^r^^(x)V'^] + 


(30) 


and appears in the path integral as 


Z 


jDxDaDbDcD'ipDa e ^ . 


(31) 


It is clear that supersymmetry is not broken by the boundary conditions if one uses PBC. 
Then the effects of the ghosts cancel by themselves: the ghosts have the same boundary 
conditions and can be eliminated altogether from the path integral 

(„n. ( n . T^tm) ^ ^ 

One can recognize that the potential divergences arising in the bosonic xx contractions are 
canceled by the fermionic 'ip'ip contractions, while the remaining UV ambiguities are treated 
by dimensional regularization as usual. In this scheme it should be simpler for example to 
test that the Witten index (i.e. the gravitational contribution to the chiral anomaly for 
a spin 1/2 held) does not get higher order contributions in worldline loops, and is thus (3 
independent. 

If one uses ABC the ghosts have different boundary conditions. Hence their cancellation 
is not complete, and they must be kept in the action. 


3 Trace anomaly for a spin 1/2 field in 4 dimensions 

As a further test on the DR scheme applied to fermions, we compute the trace anomaly for 
a spin 1/2 helds in 4 dimension. This anomaly is given by: i) extending the formula Q to 
include the three-loop correction (order inside the round bracket), ii) setting D = 4, in) 
picking up the order /3° term |HI and, iv) including an overall minus sign which takes care of 
the fermionic nature of the target space loop. The bosonic part has been computed already in 
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DR using Riemann normal coordinates (see m, use ^ and recall our conventions on the 
scalar curvature reported in appendix A.l). Multiplied by 2^ (the additional normalization 
due the worldline ABC Majorana fermions) it reads 

^bos ^ |3^o)feos 


2^ 




Rl.)-^'^'‘R + 0(fi)). (33) 


(27r/3)^ ^ 24" ' 1152" ' 720^ 480 

We have now to include the fermionic contributions. On top of Riemann normal coordinates 
we may use a Fock-Schwinger gauge for the spin connection ui^ah{xQ + y) = Rufiabixo) + ... 
with y^ the Riemann normal coordinates around the background point Xq. Then the leading 
quartic vertex S^j = -^R^j^uab dr y^y'^'ilj°''ilj^ which originates from the spin connection 
produces the following 3-loop diagram 


= (3 = - 


^R^ 

16 


dr / da CA* A - 'AA*) A\p 


(34) 


where all functions A and ^af are functions of r and a in this precise order (recall that 
/S.AF is antisymmetric, A^i?(r, a) = —A^i?(cr, r)). 

Now we regulate this graph in DR as follows (the second contribution in (13411 does not 
need regularization and could be directly computed at d = 0, but we carry it along anyway) 


dr / da CA’ A - ’AA’) A^^ 


d 


(„A;3 a - „A A^) tr[-7 "AAF(C s)7^Aaf(s, t)] 


A^ Atr[2(7"—AAF(i, s))7^3AF(s,t)]-2 / / „A A^? tr[- 7 “AAF(t, s)7 ^3 af(s, t)] 


■ V' 

SfUt-s) 


= 0-2 

^ -2 


A Ap tr[-7“ Aaf(C s)7^Aaf(s, t)] 

1 111 

2 dr da •AA*- = -2(-)(-) = — 

Jo Jo 4 ^ 12^3^ 24 


dr / da •AA^AIp = 


(35) 

'0 

where we have integrated by parts the a derivative in aAp, which then produces a delta 
function when acting on fermions (“equations of motion terms”). This delta function is 
integrated in d -I- 1 dimensions and gives a vanishing contribution since Aaf(O) = 0. The 
remaining terms are then computed at d —0. Thus 


_p2 


(36) 


This fermionic contribution must now be added to the terms inside the round bracket of 
eq. (El. Setting D = A one recognizes the following anomaly 


1 / 1 


Z\pO_term ^^3 \ 


288 


■R^ 


1440 


-R 


^v\p 


180 


-R 




120 




(37) 
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This is the correct trace anomaly for a Dirac fermion in 4 dimensions once we inclnde the 


minns sign dne to the target space fermionic loop. 

4 One-loop effective action for a Dirac field in a 
gravitational background 

It is known that, for a wide class of held theories, the one-loop effective action and the relative 
V-point vertex fnnctions can be compnted using one-dimensional path integrals iznEzi. 
Two of us have presented in |2] the extension of this formalism to include a gravitational 
background, considering the simplest case of a scalar held. The extension of DR to worldline 
fermions allows us to do the same for a Dirac held. We will get an expression for the ehective 
action from which we derive explicitly the one- and two-point correlation functions, namely 
the contribution to the tadpole and self-energy of the graviton. We perform this program 
considering both hat and curved indices for the worldline Majorana fermions. The use of 
hat indices produces an ehective action r[ea/x] which is naturally a functional of the vielbein. 
The use of curved indices produces instead an ehective action T[g^y\ which is naturally a 
functional of the metric. Local Lorentz invariance guarantees that f [e^^] = r[ 5 f^j,(ea^)] . 
In the following we shall discuss both cases. As we shall see, the simplest set up is to 
use curved indices: in this case the sigma model couples linearly to the metric huctuations 
and the ehective V-point vertices for the metric are obtained by integrating 
over the proper time the quantum average of N graviton vertex operators. 

4.1 The worldline formalism 

Let us consider the one-loop ehective action obtained by quantizing a Dirac held T coupled 
to gravity through the vielbein 



(38) 


where e = det e“^, uj^ab is the spin connection, and 



(39) 


The ehective action depends on the background vielbein held and formally reads as 


(e-fKJ = ^ Det(y + m)) 


r[ea;,] = - log Det (y + m) . 


(40) 
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For a Dirac field one does not expect anomalies (the euclidean effective action is real) and 
one can exploit standard arguments to write 


r 



— log[Det(y + m)Det(—y + m)]2 = —^Trlog(—y^ + m^) 
-^Tr log ^ . 


(41) 


In this formula we recognize the logarithm of an operator which up the mass term is pro¬ 
portional to the supersymmetric hamiltonian iD- Thus, we can immediately write down a 
path integral representation for the effective action in terms of a proper time as 

f [ea^] = l Dr (42) 

^ Jo -L JPBC JABC 

where ® 


Sr,r:eai,]= / dr 

Jo 


’ 1 /'“'/'* + Trrt‘ 


(43) 


The subscripts PBC and ABC remind of the boundary condition at r = 0,1, periodic for 
the bosonic coordinates x^{t) and antiperiodic for the fermionic ones '0“(r): these boundary 
conditions have to be imposed to obtain the trace in m- We have used a rescaled proper 
time T = I with respect to the previous sections to agree with standard normalizations 
used in the worldline formalism [22] • We have not added any counterterm since we are going 
to use dimensional regularization to compute the path integral Of course, the covariant 
measure in (P|) contains the ghost helds 


Vx>^ = Dx>^ TT Jdetgrr^ = Dx^^ (f 

'' JpBC 


0<r<l 


(44) 


where 



+ V‘d') . 


(45) 


One may also compute the effective action directly as a functional of the metric. This is 
achieved by using the sigma model written in terms of the Majorana fermions with curved 
indices. The corresponding formula is 


- [ ^ (I Vx^ (I T>r 

2 to r JpBC JaBC 


(46) 


^Presumably, this final action can be obtained also by gauge fixing the locally supersymmetric formulation 
of the spinning particle action I221EDI, at least in the massless case, as the corresponding ghosts decouple 
from the background geometry and can be ignored. 

®Let us recall that other regularization schemes (such as time slicing m) require additional non-covariant 
counterterms. 
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with 


S[x>^, dr + ^l)^^T''^p{x)x^^l)P) + Tm^ 

Note that the covariant fermionic measnre now contains the new bosonic ghost 

1 

o<r<i Vdet ^^^(x(r)) 


(47) 


V'lp^ = JJ 


= Dr i Da^ 

J ABC 


(48) 


with 


oextra 

^gh 


X, 


rr 


^{x)a^a^ . 


(49) 


The fermionic term in the action (gZl) may be written nsing the covariant derivative as 
j making manifest its geometrical meaning. However, one can write the Christoffel 
connection directly in terms of the metric and, becanse of the Grassmannian natnre of the 
fields ijj^, the action simplifies to 


sr,r;9gu] 



-1 
.4T 


gr^)rx''+rr) 


1 

4T 


d^gy\{x)rr + Tm^ 


(50) 


which shows that there is only a linear conpling to the backgronnd g^x)- To snmmarize, 
we have two options for representing the effective action in the worldline formalism, and we 
will consider both of them. 

The next step is to discnss how to treat the bonndary conditions. Dne to the translational 
invariance of the resnlting propagators, we adopt the “string inspired” option: one expands 
the coordinate fields with periodic bonndary conditions into Fonrier modes and then sepa¬ 
rates the zero mode Xq = dr x^ij) from the qnantnm flnctnations y^ij) = x^{t) —Xq . The 
latter have an invertible kinetic term and the integration over the constants zero mode Xq is 
performed separately. For the alternative option of nsing Dirichlet bonndary conditions, see 
a discnssion in [2j. Other options for treating the zero modes can be fonnd in iniii22]. 

These snbtleties do not arise for the anticommnting variables r ^-s the bonndary condi¬ 
tions are now antiperiodic and the kinetic term has no zero mode. All these propagators are 
collected in section A.3 of the appendix. 

For later convenience, it is nsefnl to introdnce the following notations 


(2l ■ ■ ■ a jV 


Ygit^i'-gN^N _ 


(5'^F 


*^ 60 , 11 ^ 1 (^ 1 ) ‘ ' ' (x^v) 




^au — 




(51) 

(52) 
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and the corresponding Fonrier transform for the vielbein vertex fnnctions 


— 0,1 l^l'-CLjSfUN 

P 

(PlvMPiv) 


(27r)^5^ 


(pi H-hpjv)r 




j dxi--- dxN 


r 


aiui-'-aNU]^ 


(53) 


pins a similar one for the metric vertex fnnctions. For N = 1,2, and nsing F[eap] = T[g^i,{eap)] 
together with the relation gpi, = 6abe‘^p.e’^u, one hnds 


(x) ~ (x) 

(x,y) ^ {x,y) (a:) V 


y) 


(54) 

(55) 


Following a standard techniqne, one can obtain the vertex functions directly in momen¬ 
tum space 1221 • Let us describe it for the effective action f [cai/]. One considers r[eai/] as 
a power series in Cau = c-au — dav (note that this dehnition induces a relative expression for 
the metric: g^^ = d^y -|- c^y -1- Cy^ -f CapC“, where c^y = Cayd^), takes the term as a sum 
of N plane waves of given polarizations (our polarization tensors include the gravitational 
coupling constant) 

N 

c„„(x)=^£»e®'V (56) 

i=l 

and then picks up the terms linear in each Sau- this gives directly the iV-point function in 
momentum space 


^£1---£JV 

(pi,...,pAr) 


= ^(i) ...oW 

^aiui ^ (pi,...,Pn) 


(57) 


(the tilde symbol can be dropped by removing the momentum delta functions as in (I5d|l ). 

In the following sections we are going to compute the one- and two-point correlation func¬ 
tions. We will employ the worldline “string inspired” propagators together with dimensional 
regularization on the worldline (and in target space). 


4.2 One- and two-point functions from 


The one-point vertex function can be depicted by the Feynman diagram of £g. 1 where the 
external line refers to the vielbein. It gives the Dirac particle contribution to the cosmological 
constant. The recipe just outlined tells that the term in the effective action linear in Cay, 
and with Cay expressed as a single plane wave, produces 




dT ^-m?T 2 2 

T (47rT)f 







(58) 


X 
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where the superscript on denotes the part linear in Eau, and round brackets around 
indices denote symmetrization normalized to one. 



Figure 1: Graviton tadpole. 


It can be immediately noted that the contribution of the spin connection term vanishes, 
being proportional to = 0. Therefore everything proceeds as in the scalar 

held case j2], and the one-point function reads 


^ (0) - ^ 


5^^ (m?) 2 


_D 

2 


T --r 


2 (dvr) 

Clearly it diverges for even target space dimension D and renormalization is needed. 
Let us now discuss the two-point vertex function. We set 

= 4 


(59) 


-■aiy ^ 


_L 


(60) 


One sees that there are two kinds of contributions, illustrated by the Feynman graphs in 
hgures El and El which we denote as and respectively. 



Figure 2: One-vertex graph for graviton self-energy. 


In the hrst one there is just one vertex. It is simple to compute it, being quite similar to 
the tadpole. It reads 


(,£l£2 




1 dT 
~T 


-m-‘T 


2^ 


(dvrT) 




X f + av + we-)) + (!)'‘d"i,(^o + v)){rih 


(61) 


m.l. 


i‘2') 

where is the part of the spin connection quadratic in the held; the prescription m.l. 
(multi-linear) refers to the two diherent polarization tensors. The contribution from the spin 
connection term vanishes for the same reason as before. We are then left with the bosonic 
contribution, which gives 




AiFr“^, = — 5 ^^ 5 ''^ 

^ (p-p) 2 


(m^) 

(dvr) 




D 

'2 


(62) 
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where, according to the notation dSl, we have factored out (27r)^5^(pi + P 2 ) and used 
P = Pi = -P2- 

The two-vertex graph of £g. El produces 



Figure 3: Two-vertex graph for graviton self-energy. 


~ei£2 


1 

2 


dT 


—m?T 


2f 


T 


(dvrT) 


X 


d^Xo 


dr 




L2T 


4T‘ 


m.l. 


Three kinds of contributions are included in the previous expression; i) the square of the 
bosonic part which yields a term proportional to the contribution of a scalar held (non- 
minimally coupled with f = 1/4, already computed in j2]); ii) the mixed terms of the 
product which are zero, again being proportional to uj^abd°'^Hi) the square of the 
fermionic term which contains 

2 


+ I/) = 5^ ( - - ^P[ae^^^ e 

i=l 


ipi-{xo+y) 


(63) 


where square brackets around indices denote antisymmetrization normalized to one. This 
third term produces the following contribution 

dT 




2^ 


32T3 


(47rT)^ 


-( 1 ) 


-( 1 ) 


-( 1 ) 


£ ( - ^Pp^lab] + K[aPb] - ^P[-H]t2 ) ( - V[cd] + KlcPd] " mc^d]p 


-( 2 ) 


-( 2 ), 


-( 2 ) 


X dr da ■ 

Jo Jo 

After performing Wick contractions, the second line of this expression becomes 


(64) 


X [ dr [ da {(5'^^*A*(r-a)+ 2TpVA2(r-a)}e-2^^’'^«("--)A^^(r-a) , (65) 
Jo Jo 

where Aq{t — a) = A(r — a) — A(0), and needs worldline regularization. Following the rules 
of dimensional regularization we write the last line of the above expression as we would have 
done starting from the action in 1 -|- d dimensions 


( 66 ) 


{5'^^aAyit -s) + 2Tp>^A(t - s) yA{t - s)} e-^^P 
X tr [y°‘AAF{t - s)'y^AAF{t - s)] 


18 








and perform an integration by parts on the a index of the hrst term, as already explained 
in (uni) and (EH), to get the following resnlt 


-T/ 


pfj.pP 

p2 


“1 ^ 


dr ( r - i 1 . 


(67) 


The remaining worldline integral can be compnted as described in section A.4 of the ap¬ 
pendix. Using the resnlt into eq. (IMl) gives 


(1) (2) ^ ^ ^ _PI 

~ nil 


8 (dvr 


D 
I 2 


(l - r? sr'’ 


( 68 ) 


where and S 2 are dehned below. Collecting all terms, we hnd for the two-vertex part of 
the self-energy 


^2r(p,_p) — 


2^ 


-) 

2 J L 


2(47r)i 

h('i-:^')y(p^)f-‘s, 


(,n^p(Ri -R,)+{ (P^)- - (m")T (Si + S2) 


4* V* 2/ 

Conseqnently, the fnll graviton self-energy obtained by snmming (El and El reads 

2f 


(69) 




2 (dvr; 
1 




(m 2 )T(fi, - Ir, + - S, - S2) + (F")T(S, + S2) 


+ ir(i-|)y(nf-‘S2 


(70) 


where, as in j2], we have snppressed tensor indices, and used the following basis of dimen¬ 
sionless tensors symmetric in each pair of indices, (/r, and {a,f3), and symmetric under 
the exchange of the two pairs 


R 


fiuaP _ 


p^ 


pz 




flf"'’ = -ifpVp ^. 

p4 


along with the tensor 




(71) 


(72) 


^°We need such a tensor because the expression (Ell, and hence dZOl), does not respect the symmetries of 
the R tensors in GD- This is consistent with the local Lorentz Ward identities, see appendix lA. 51 
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For simplicity we have introduced the manifestly transverse combinations 

sr'‘ = fl. - fl, + 2fl, = 2 (74) 

and dehned 

[P^Y = [' dr {m^ + p\t - t^)Y . (75) 

Jo 

Further details may be found in section A.4 of the appendix. 

The hnal results for the one- and two-point functions, eqs. (El and dZl, satisfy the grav¬ 
itational Ward identities (see appendix A.5). Of course, one may now extract the divergent 
part and renormalize these functions in the chosen spacetime dimensions 

4.3 One- and two-point functions from 

In this section we describe the calculation of the one- and two-point functions employing 
curved indices for the worldline Majorana fermions. As already explained in sections 12.21 
and sn the total action including the ghost fields is given by 

S = [ dr i. + b^c'^ + + a^a'') 

Jo 

+ Tm‘^^ . (76) 

Clearly, there are no vertices with two or more gravitons in this picture. Using 

N 

K.{x) = 3,u{x) - V = I] die"’’" (77) 

i=l 

with the gravitational coupling constant included into the polarization tensors, one gets the 
following general expression for the A^-point effective vertices 



where the graviton vertex operator U7)(rj) is given by 

{n) = e« (^x^x'' + (u) . (79) 

one is interested in odd dimensions, then there is no divergence at one loop, but the formulas should 
be modified by substituting 2 ' 2 ' —> 2U1 to account for the correct number of components of a Dirac spinor. 
Here [-j] denotes the integer part of -j. 
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The explicit calculations of the one- and two-point vertex functions - depicted in figures 
m and El respectively - give the same results previously obtained from the coupling to the 
vielbein (after using relations ()54j) and ()55|l i. Note that external lines in figures |3] and El now 
refer to metric fluctuations. Let us describe briefly these calculations. 



Figure 4: Graviton tadpole. 

In the one-point function the connection term (i.e. the last term inside the round brackets 
of the vertex operator dZi) does not contribute, and the remaining terms lead to the same 
worldline integral obtained previously 

['dr CA* + Agh - AV - AA 3 h)( 0 ) = ['dr (’A* + A,0(0) = 1 . (80) 

Jo Jo 

In fact, the propagator of the extra ghost field 


(«^(r)«"(a)) = 2T 5^'^ AAghir - a) 


(81) 


where 


AAgh{r - cr) = *J^AF{r - a) = 6 a{t - a) 


(82) 


cancels with A\p{t — a) = —*Aaf(t — cr) due to the fermionic propagator. This exemplifies 
the effect of the new ghost which cancels a contraction arising from the term. The 
final answer is 


^ (0) 


D 

2 ^ 


6^^ (mJ) ^ y( 
4 (dvr)"? ^ 



(83) 


As one might have expected, this result is —2^ times the contribution of a scalar field [21 : 
the minus sign is the usual one due to a fermionic loop, while 2^ is the number of degrees 
of freedom of a Dirac fermion in even D dimensions. 

Let us now look at the two-point function. It corresponds to the single diagram of fig. El 
as in this scheme all vertices are linear in the graviton field. Again one may note that the 
ghosts cancel all Wick contractions arising from the '0V’ term of the vertex operators (notice 
that AafJ^*af — —J^AF = 0). Thus, only two non-vanishing contributions survive: one 
from the square of the kinetic term of the bosonic sector (i.e. ~ {x‘^ + aJ + ^c)^); the other, 
transverse, from the square of the connection term. The final result is 
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Figure 5: Graviton self-energy. 




{m^)i(Ri - - S, - S 2 ) + (S, + S 2 ) 


( 84 ) 


This expression satisfies the expected gravitational Ward identities (for details see section 
A.5 of the appendix). The graviton self-energy due to a massless fermion has been already 


computed in [221; and agrees with the massless limit of this general result 


5 Conclusions 

We have extended the worldline formalism to include fermionic fields coupled to gravity. 
To achieve this task we have found useful to study dimensional regularization on supersym¬ 
metric worldline sigma models. We have shown that dimensional regularization preserves 
worldline supersymmetry in that no counterterms need to be added to the classical action 
to maintain supersymmetry. This is in contrast to the time slicing regularization scheme, 
previously used for supersymmetric sigma models, which required specific counterterms to 
restore supersymmetry. Of course, final physical results are independent of the regulariza¬ 
tion scheme adopted. We have applied this set up to describe quantum properties of a Dirac 
fermion coupled to gravity. Then, we have described the one-loop effective action for a Dirac 
fermion coupled to gravity in the worldline formalism, and computed the corresponding one- 
and two-point functions, namely the one-loop fermionic contribution to the cosmological 
constant and graviton self-energy. We have seen that one can use a formulation either in 
terms of the vielbein or in terms of the metric, the latter being much simpler as the coupling 
to gravity is linear (and it avoids the introduction of the local Lorentz symmetry related to 
a choice of the vielbein). The computations are rather simple and demonstrate the efficiency 
of the worldline formalism in computing Feynman graphs even in the presence of gravita¬ 
tional fields. Our conclusion is that one can be confident and address more complicated 
processes using the worldline method. In particular, mixed photon-graviton amplitudes are 

similar result for a massive scalar field with minimal coupling to the scalar curvature can be found in 
m and agrees with the worldline result j2]. A calculation with standard Feynman rules for the scalar has 
been recently reported again in m It may be noticed how the worldline computation produces simpler and 
more compact expressions. 
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A Appendix 

A.l Covariant derivatives and curvature tensors 

The covariant derivative for a vector with curved indices is = d^jV^ + where 

+ dxQpp — dpQpx) is the usual Christoffel connection. The corresponding 
curvatures are dehned by 

[V^, = Rpy^p{T)V^ , Rpu = Rx^^ui^) , R = R^^ > 0 on spheres. (85) 

The covariant derivative of a vector with flat indices is = dpV"' + ujp°‘bV^, where is 

the spin connection satisfying the “vielbein postulate” = 0. The corresponding 

curvature is 

[Vp,V,]V‘^ = Rp,\{u)V\ (86) 

These curvatures are related by 

Rpu\{T) = Rp,Mu;)e\e\ . (87) 

A.2 Propagators for bosons and related ghosts with vanishing 
Dirichlet boundary conditions 

For quantum helds that vanish at r = 0,1, we have the following propagators 

{y^{r)y’^{^)) = -/95^'^A(r,a) 

(a^(r)a''(a)) = Aghir, a) 

(b^iryia)) = -2p6^'^Aghya) ( 88 ) 

with Green functions A and Agh satisfying vanishing Dirichlet boundary conditions 
r 2 1 

A(r, a) = 2_.\ 2 —j sin(7rmr) sin(7rm(T) = {t — l)a 9 {t — a) + {a — 1 )t 9{a — t) 

m=l 

oo 

Agh{T, a) = 2 sin(7rmr) sin(7rm(T) = **A(r, a) = a) (89) 

m=l 

where 9(t — a) is the standard step function and (5(r, a) is the Dirac’s delta function which 
vanishes at the boundaries r, a = 0,1- These functions are not translationally invariant. 
Their extensions to d + 1 dimensions read 

/ /^d\r O 

TTW 1 - ^2 I n 2 sin(vrmr) sin(7rma) (90) 

(27r)“ (Trm)^ + 

^ ' m=l ^ ' 

r JA 

Agh{t, s)= yyi ^ ^ sin(7rmr) sm{TTma) 

= 6{T,a) 6'^{t — s) = s) . (91) 
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Note that the function A{t,s) satishes the relation (Green’s equation) 

s) = Agh{t, s) = s) . (92) 

The d ^ 0 limits of these propagators reproduce the unregulated expressions. 


A.3 The “string inspired” propagators 

The propagators we used in the worldline formalism are the “string inspired” ones. More 
specihcally, on the circle the free kinetic term for x'^ is proportional to and has a zero 
mode. Thus one splits 


x^{t) = + y^{T), X^=[ drx^^ir), 

Jo 

and the path integration measure becomes 

1 


V‘‘(t) = 




njt-0 


Dx = 


d^Xo Dy 


(47rT) 


(93) 


(94) 


The kinetic term for the quantum bosonic helds y^ is invertible and the corresponding free 
path integral is normalized to unity 

J Dy e-= 1 . (95) 

The value of the free fermionic path integral dehnes implicitly its measure. Using flat indices 
it reads 


/ e- ^0 = tr(l) = 2- . 

Jabc 

The propagators for the free helds are 

{y^{T)y''{a)) = -2T6^’^AiT-a) 
(a^(r)a"(a)) = 2T Ag^ir - a) 
(6^(r)c"(a)) = -4T<5'^"A,,(r-a) 
(^“(r)/(a)) = 2T 5^^ Aaf{t - a) 

where A, Ag^ and Aaf are given by 


(96) 


(97) 


1 




A(r-a) = - ^ 

n/0 
oo 

- ^) = E = 5p{t - a) 


1 

12 


(98) 


AAFir - a) = ^ 


reZ+i 


2mr 2 ^ ' 
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and satisfy ’’A = Agh — 1 = 6p — 1, *Aaf = ^a, where 6p and 6a are the Dirac delta 
fnnctions on the space of periodic and antiperiodic fnnctions on [0,1], respectively. All 
these free propagators are translationally invariant and have a well dehned parity nnder 
(r-a) ^ (a-r). 

When nsing cnrved indices for the Majorana fermions there appears an extra set of 
bosonic ghosts a^. Their propagators with ABC are 

irirWicT)) = 2T 6^'^ AAFir - a) 

(a^(r)a"(a)) = 2T 6^'^ - a) (99) 

where 

^Agh{r -(t)= = 6A{r - a) . (100) 

rez+i 

Clearly •A^ir(r - a) = AAghir - a) = 5 a(t - cr). 


A.4 Recursive formula for some worldline integrals 

In the calcnlation of IPI correlation fnnctions via the worldline formalism described in sec¬ 
tion mu one needs integrals of the form 


A„,= / dr { T 


.-TpHr-r-)= / 


It is not difhcnlt to prove the following recnrsive relations 

A2n+1 = 0 


Aon — 


2Tp2 


2(n-l) 


(2n - l)A2(n-l) 


and express all integrals in terms of Aq. 

Recalling the dehnition of the gamma fnnction 


r(A = 


dTT 


x-l-T 


one can obtain the following result for the proper time integration of Aq 

poo 


(101) 


( 102 ) 


(103) 


(104) 


where we have defined 

pi 

:>2\x — 


{P'^f= I dT{m^+p\T-T^)y = {m^)^2Fi(-x,l;h 


'0 


p 


It is useful for the comparison with [221 to note that 


2 ’ 4m^ 


lim {P y = {p P B{x -I- 1, a; -I- 1) 

»'0 

Here we have used the hypergeometric function 2 F 1 and the Euler beta function B . 


(105) 


( 106 ) 
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A.5 Ward identities 


A test for our results on one- and two-point functions is provided by the Ward identities due to 
general coordinate and local Lorentz invariances. Local Lorentz symmetry 5e°‘v = A°‘b{x)e^u 
with arbitrary antisymmetric local Aab{x) implies that 

= 0 (107) 

which shows that the induced stress tensor is symmetric. In particular, it 

leads to the following identities for the one- and two-point functions in momentum space 

f = 0 (108) 

= 0 (109) 


where the square brackets denote weighted antisymmetrization. These identities are satis- 
hed by equations (jsni) and dzni). Note in particular that the second identity allows for an 
antisymmetric contact term 

General coordinate invariance leads instead to the conservation law for the induced 
energy-momentum tensor 



1 ^r[e] 

e{x) 



0 . 


( 110 ) 


Taking functional derivatives of this last expression produces Ward identities that must be 
satished by the one- and two-point functions 


— UU 

Pi.r(p) = o (111) 

+PArfcy"'’ - p't;'; = o . ( 112) 


It is easy to check that (El and dZl do indeed satisfy the latter, while the former is rather 
straightforward {p^ = 0 due to momentum conservation). 

Alternatively, one can derive equivalent Ward identities for the effective action T ex¬ 
pressed as a functional of the metric and obtain (equivalently, one may use relations (j54ll55jl i 


pTw = 0 (113) 

= 0 . (114) 


Also in this case it is simple to verify that eqs. and (IHl satisfy these Ward identities. 
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